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Synopsis  Perhaps no other biological structure has inspired as many engineering applications as the nest of the honeybee Apis
mellifera. It is primarily just the hexagonal unit cell, with its material-minimizing benefits, that has been abstracted as a design
principle for bio-inspired structures. This is in part because of design constraints associated with manufacturing honeycomb
panels, but also due to our limited understanding of the benefits of other design features of interest. The bee’s honeycomb has
several interesting meso-structural design elements, like the corner radius and the wall coping, which can be replicated using
additive manufacturing processes. In this paper, we first identify and categorize these meso-scale design elements at four levels:
(i) the unit cell shape, (ii) its size and distribution, (iii) the features that make up the unit cell and the parameters associated with
them, and (iv) the integration of the cells into the build environment. Once identified, we attribute functional bases to each of
these features, leveraging prior and ongoing studies in biology, as well as in materials science and mechanics. We then identify
promising design principles for further advancing the engineering of honeycomb structures using additive manufacturing, as
well as call out opportunities for future research. More generally, this paper argues for the importance of considering meso-

structural design elements, beyond just unit cell selection, in the design of cellular materials.

The four questions of honeycomb design

The nests of social insects (ants, bees, wasps, and ter-
mites) have long fascinated biologists, mathematicians,
and engineers. From a biological standpoint, the in-
sect nest is an extended phenotype (Dawkins 1982)—
the variation in nest architecture between distantly re-
lated species is often far more striking than the mor-
phological variation in phenotypic traits (Wenzel 1980).
The architecture of the nest is often used as a charac-
teristic that identifies a particular species (Cole et al.
2001, Oldroyd and Pratt 2015). Among the various in-
sect nests, the nest of the honeybee Apis mellifera has
received the most attention in popular discourse and
scientific literature (Hepburn et al. 2014). It has invited
significant discussion from mathematicians (Ball 2009),
and has inspired thousands of engineering applications
across length scales (Zhang et al. 2015). Thus, one may
approach yet another body of work that discusses the
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structure of the bee’s honeycomb with justified skepti-
cism. And yet, as this work aims to show, there is much
in the design of the bee’s honeycomb that remains unex-
plored and merits study. While this is true from a purely
biological perspective, this work emphasizes the oppor-
tunities for abstraction of structure-function principles
from honeycomb for bio-inspired, engineering design
(Baumeister and Smith 2014).

In the following sections, different aspects of the mor-
phology of honeybee nests are examined from the per-
spective of a designer of architected cellular materi-
als (Schaedler and Carter 2016). Cellular materials are
structures that exploit geometry (design) to enable ex-
traordinary properties that are not accessible to the
base material by itself—this is fundamentally why these
materials are also sometimes called “meta-materials”
(Zheng et al. 2016). Examples of this in nature include
the bee’s honeycomb, the interior structure of bone, and
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Fig. | The four aspects of a honeycomb, from the perspective of a designer of engineered honeycomb. Under each are listed the
meso-structures discussed in this work.

the scales on a snake. When designed with intention-
ality, as engineering designers seek to do, these cellu-
lar materials are called “architected.” Cellular materials,
whether in engineering or biology, can assume a wide
range of shapes and sizes. Several approaches have been
proposed to classify and systematize the study of these
materials. One such approach, first proposed for engi-
neered cellular material design, involves seeking the an-
swer to four design questions (Bhate 2019):

(1) What is the shape of the unit cell? (“shape™)

(ii) What are the key parameters that are relevant in the
description of the unit cell? (“parameters”)

(iii) How does the size of the cells, and the parameters
therein vary spatially? (“distribution”)

(iv) How are these cells integrated into the larger form?
(“integration”)

While these questions were first posed for applicabil-
ity in the field of cellular materials in engineering, in
principle these may also be applied to biological cellu-
lar materials ranging from the open-cell foam-like na-
ture of trabecular bone to the venation patterns in the
wings of a dragonfly (Bhate et al. 2019). In this work, we
formally apply this four-question approach to the hon-

eycomb’s nest, as shown in Fig. 1, to develop a frame-
work for classifying the different meso-structural ele-
ments. By meso-structural elements, we refer to a spe-
cific length scale of interest—the honeycomb at first
glance is seen as a “macro-structure” spanning several
centimeters in length and is often arranged in paral-
lel sheets that conform to the volume of the cavity the
colony is nesting in (von Frisch 1974). On the other
hand, the “micro-structure” is composed by wax grains
and embedded silk fibers from used pupal cocoons in
the wall of a honeycomb that measure on the order of
a few to tens of microns, itself incorporating smaller
nanostructures. The meso-structure is the part that falls
between the macro and micro scales, composed of fea-
tures on the order of hundreds of microns to tens of
millimeters. The reason for focusing on meso-structure
here is two-fold: (i) the little work that has been done
to study these meso-structures (apart from the hexag-
onal cell of the honeycomb), particularly in the con-
text of bio-inspired design, represents an opportunity
for their further and deeper exploration, and (ii) the
ability of computational design and advanced manu-
facturing processes to realize them at these scales for
functional use, as has been demonstrated by the many
studies on architected cellular meso-structural materi-
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Fig. 2 Schematic representations of each of the eleven meso-structural design elements discussed in this work.

als (Benedetti et al. 2021, Wang et al. 2018, Wendy Gu
and Greer 2015).

A total of 11 meso-structural elements were identi-
fied and are shown in Fig. 2, each lying within one of
the four main categories. The rest of this article dis-
cusses each of these in turn, identifying the structure-
function relationships that have been explored in the bi-
ological literature, as well as design principles for engi-
neering that have or could be abstracted from these fea-
tures. In so doing, this work poses a function-seeking
“why?” for each meso-structure identified and seeks
to establish hypotheses that may then be extracted

into engineering design for implementation. The arti-
cle concludes by gathering these structure-function re-
lationships, and their hypothesized design principles,
established to various degrees of confidence, for the
designer to leverage.

This work focuses on the structure of the honeycomb
itself rather than the process by which bees construct
honeycomb. There may be instances where the result-
ing geometry of natural honeycomb is suboptimal, con-
strained by the abilities of bees or processes of evolu-
tion and growth (Dawkins 1982). Further, this article
also does not discuss the many hypotheses posed about
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Fig. 3 The unit cell of the honeycomb, while (a) appearing to be in a transition between a hexagon and a circle on the surface, reveals (b)
under X-ray tomography, to have (c) clearly hexagonal cell walls underneath it, from Goss et al. (2020).
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Fig. 4 The hexagonal shape is transversely isotropic in elastic
modulus, represented by Ex, which is a measure of the
honeycomb’s stiffness (ability to resist elastic deformation under
the application of load), normalized by E;, the elastic modulus of
the base material (beeswax, in this case). The | and 2 directions
correspond to the in-plane X and Y directions respectively.t and |
represent two critical geometric parameters: the thickness of the
honeycomb cell wall, and the length of the wall, which will be
revisited in a later section (adapted from [Gibson and Ashby
1999]).
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the mechanisms of construction (Ridz 2017), or their
interaction with the resulting form. Finally, this work
focuses primarily on the structural benefits of form,
with emphasis on properties such as stiffness, strength,
and damage tolerance. Less emphasis is placed on other
physical properties, such as acoustic damping, thermal
expansion or conductivity, and fluid-structure interac-
tions, though a focus on these properties may benefit
from future explorations of meso-structural benefits, as
has been done in this work.

Cell shape

The shape of every cell of a honeycomb, indeed of any
cellular material, is a geometric description of its form
without regard to its dimensions. This section focuses
on the former—the hexagonal cell—while the next sec-
tion will introduce parameters, which allows for the
incorporation of dimensions and measurement associ-
ated with individual cells (morphometrics).

Hexagonal cell

Why is the unit cell of the bee’s honeycomb hexagonal?
The bee’s honeycomb is tessellated in what appears at
first glance to be perfectly regular (ie., all sides are
equal length) and periodic (i.e., every cell is geometri-
cally identical) hexagons. While the cells appear to be
rounded when viewed from the top, as shown in Fig.
3a, X-ray tomography reveals that this is only true at the
surface as shown in Fig. 3b, due to a feature called cop-
ing (discussed in a later section), underneath which the
cells reveal a clearly hexagonal form with thinner wall,
as shown in Fig. 3¢ (Goss et al. 2020). More recently,
time-resolved X-ray tomography work has shown the
deliberate hexagonal nature of the cells as they are be-
ing constructed by honeybees (Franklin et al. 2022).
This suggests that the hexagonal shape is not an emer-
gent property resulting from circular cells built in close
proximity, but a deliberate shape sought after by the
bees. Further, while the majority of cells in the comb are
hexagonal, cells with fewer or greater than six sides are
also seen in special circumstances, discussed in a future
section.

The discourse around the hexagonal nature of the
honeycomb’s cells has a long history. Around the
3rd century B.C., the Greek mathematician Pappas
of Alexandria pointed out that there were only three
choices when it came to filling two-dimensional space
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Fig. 5 The honeycomb does not consist of hexagonal extrusions but (a) terminates in a bottom surface that consists of (b) three
intersecting rhombi that connect into a spine, with (c) cell formation on either side of a spine—Fig. 5b from Goss et al. (2020), 5¢ from

Franklin et al. (2022).

with regular (i.e., equal-sided) polygons: squares, equi-
lateral triangles, and regular hexagons (Ball 2009). The
Roman scholar Marcus Terentius Varro (around 36 BC)
(Varro 1918) was the first who recorded what later came
to be called “the honeycomb conjecture,” namely that
the most efficient way to divide a surface into regions
of equal area (cells) such that the perimeter (building
material) is minimized, is to use a regular hexagonal
cell shape. The 18th-century French scientist Rene de
Reaumur recognized that bees were economizing their
use of wax by using a hexagonal shape (Ball 2009).
Charles Darwin echoed de Reaumur’s perspective when
he stated that the honeycomb was “absolutely perfect
in economizing labor and wax” (Ball 2009; Cox and
Cohen 2016). It took until 2001 for the mathemati-
cian Hales to prove the honeycomb conjecture, showing
that the hexagonal pattern was indeed the most efficient
partitioning of two-dimensional space into regions of
equal area (Hales 2001). As a result, one can answer
the question posed earlier with significant confidence—
the hexagonal cell in the honeycomb serves as the most
material-efficient way of partitioning space into equal ar-
eas. This does raise two more questions: why are all in-
sect nests not hexagonal (many are spherical or ovoid
in nature)? And are there any advantages to build-

ing hexagonal cells beyond their material minimization
benefits? The former question will be revisited in the
section discussing the role of the corner radius, or the
rounding of the corners of each cell, while the latter is
discussed next.

In addition to minimizing material, honeycombs also
must survive in their environment while serving their
primary function as storage for brood and pollen (Tautz
and Heilmann 2008). From a structural standpoint, this
implies that the comb must be able to bear the weight
imposed by its own structure (self-weight), plus that of
the contents of the cells. This weight applies a down-
ward force on the structure, along the direction of grav-
ity. It is thus reasonable to assume that honeybees mod-
ify the orientation of cell construction when building on
inclined planes—here, orientation of the cell describes
how the cell is rotated in space relative to the building
plane as a reference axis. Prior work has however sug-
gested that this is not the case—honeybees build comb
in a manner that demonstrates an insensitivity to grav-
ity, with no changes to cell orientation when building
from inclined planes (Pratt 2000). This is at least in part
enabled by the fact that the hexagonal cell is transversely
isotropic in its effective elastic modulus (Ex), as shown
in Fig. 4. In other words, honeycomb is equally stiff in
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Fig. 6 Experimental studies of (a) honeycomb panels with (b) rhombi faces mimicking the honeycomb with various interface angles ¢ to
the normal, (c) under three-point bending tests show slight improvement in specific flexural modulus for a 30-degree interface angle,
relative to a honeycomb with no interface (shown here as a 0-degree interface angle), from Goss et al. (2020).

its plane independent of the direction the load is applied
in. (Gibson and Ashby 1999). The important point here
is that in addition to the hexagonal unit cell minimiz-
ing material, it also has the remarkable property that
its stiffness is the same (within the plane of the honey-
comb) in all directions—a property it shares with trian-
gular, but not square honeycombs. These two properties
of mass minimization and isotropic in-plane stiffness,
when taken together, have made the hexagonal honey-
comb a popular design solution for engineering sand-
wich panels, particularly in the aerospace, aviation and
automotive industries (Concordia University 2021).

Mid-wall

Why does each honeycomb cell terminate in a rhombic
dodecahedron?

The bee’s honeycomb is not a true two-dimensional
hexagonal tessellation, which is the assumption inher-
ent to the honeycomb conjecture and holds true for
most engineering applications that use the hexagonal
cell and extrude it out of plane to construct honeycomb
structures and panels. In reality, each honeycomb cell
terminates in a bottom surface (mid-wall) consisting
of three rhombi, as shown in Figs. 5a and b, amount-
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(a)
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Fig. 7 Three parameters that describe the cell of the honeycomb on its visible, top plane: (a) the cell diameter (d), (b) the cell wall

thickness (t), and (c) the cell corner radius (r.), from Goss et al. (2020).

(a)

Fig. 8 Different wall thicknesses, cell sizes, corner radii,and materials observed in (a) wasp nest made of paper, (b) honeybee nest made of
beeswax, and (c) wasp nest made of mud (each cell in the square grid shown is | x | mm);imaging methods same as described in Goss et

al. (2020).

ing to a “telescopically elongated” rhombic dodecahe-
dron. The average depth of these cells has been reported
to be between 10 and 11 mm (Bader et al. 2022). Fol-
lowing the reasoning of the honeycomb conjecture dis-
cussed previously, one may assume that this structure
is one that enables arraying of cells back to back while
minimizing the material used, but Toth showed math-
ematically that it was more efficient to close the bot-
tom of a cell with two hexagons and two rhombi (Téth
1964), though this improvement amounts to only 0.4%
with regard to the surface area of the wall (Aste and
Weaire 2000). Thus, it may be concluded that the rhom-
bic structure at the base of the cells is near-optimal from
a material minimization standpoint. This is, of course,
in addition to the fact that this is shared by two sets
of cells, each arrayed in opposition to each other (Fig.
5¢), and therefore further minimizing the material used
for construction, per unit cell (Thompson 1917). For
the bees, recent work has demonstrated that two-sided

honeycombs have benefits of faster growth rates, higher
brood production and lead to more stable thermal
environments than one-sided combs do (Smith et al.
2024).

Since the primary benefits of having a mid-wall are
associated with biological functions, it may not be too
surprising that this aspect of the honeycomb design has
not found much use in engineered honeycomb. How-
ever, experimental work has shown that a honeycomb
panel with a mid-wall may have improved specific flex-
ural modulus when compared to a honeycomb panel
without a mid-wall (Fig. 6). Specific flexural modulus
is a measure of the bending stiffness of the honeycomb
panel per unit mass (hence, “specific”), and thus ac-
counts for the addition of material, suggesting that there
are structural benefits to the cell junction and the two-
sided comb construction, in addition to the material
minimization, thermal management, and brood rearing
benefits discussed earlier.
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Fig. 9 (a) Response surface showing normalized maximum corner stress as a function of honeycomb cell parameters, indicating the
presence of an optimum corner radius that minimizes stress, and (b) Von Mises stress contours showing how corner stress is reduced by
an increase in radius, but then increases again as the radius exceeds the optimum, from Rajeev et al. (2022).

Parameters

The previous section introduced the shape of the
honeycomb cell but said nothing of its size. To en-
able a discussion of size, and measurements associated
with it, geometry must be first parametrized. For pur-
poses of simplification, this section will examine pa-
rameters and their relationships for a typical, regular

hexagonal cell in honeycomb. The next section (dis-
tribution) discusses how shapes and parameters vary
spatially.

Cell diameter, wall thickness, and corner radius

Of all the different parameters that describe the hon-
eycomb cell, the cell diameter as a measure of cell size
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Fig. 10 Measurements made on nests from 66 species of wasps and the bee’s honeycomb, showing a significant dependence of (a) wall
thickness, and (b) corner radius, on cell diameter, adapted from Cope (2022).

(Fig. 7a) is the one that has been described and mea-
sured most. For A. mellifera ligustica, the cells of the
worker bee have been measured to be between 5.2 and
5.4 mm (von Frisch 1974; Winston 1987), while drone
cells are slightly larger, between 6.2 and 6.4 mm The
wall thickness is typically measured in the interior of
the cell (Fig. 3c) and tends to be significantly thinner
than that seen on the visible top plane in young comb
when cell coping is more prominent (Fig. 7b). The for-
mer has been reported to be between 70 and 90 pm
thick (von Frisch 1974; Zhang et al. 2010), and the lat-
ter is expanded by the coping to approximately 5-10
times that number (Goss et al. 2020). As the coping sub-
sides in later years, the thickness of the wall increases
(Zhang et al. 2010).

When studying the engineering mechanics of regu-
lar (i.e., equal sided) honeycomb, it is conventional to
parametrize individual cells with their cell lengths (I)
and wall thickness () (Gibson and Ashby 1999). The
cell length (I) is simply the length of the edge of the
hexagon that comprises the cell, and is geometrically re-
lated to the cell diameter (d). The key geometric param-
eter of interest in honeycomb mechanics is the ratio of
wall thickness to this length parameter (#/). At low #/I
values, typically under 0.2, honeycombs primarily de-
form in-plane by bending of the cell walls. As walls get
thicker relative to the cell length, shear and axial defor-
mation start to become increasingly relevant (Gibson
and Ashby 1999).

Why do honeycomb cells have a corner radius? Does
it have an optimum value?

In addition to the wall thickness and cell diameter, or
wall length, a third parameter of relevance to honey-
comb mechanics, but one that has received limited at-
tention in the honeycomb mechanics literature (and
primarily from one research group [Chuang and Huang
2002], [Chuang and Huang 2002], and [Chuang and
Huang 2003]), is the corner radius, r. (Fig. 7c). Sig-
nificant differences in corner radii are seen across dif-
ferent bee and wasp nests with different base materi-
als, as shown in Fig. 8. This is the basis for the sec-
ond question posed at the outset of this subsection.
The honeycomb cell, while possessing a clearly visi-
ble corner radius, does not approach the corner radii
seen in some mud nests, suggesting the possibility of
an optimum value for the corner radius that is de-
pendent on build materials and/or other geometric
parameters.

The role of curvature in reducing corner stress is
well known in the domain of solid mechanics (Benthem
1987) and is likely the primary driver for the presence
of a corner radius in honeycomb cells as well. A com-
putational simulation study was conducted (Rajeev et
al. 2022) to generate a response surface of the corner
stress in a hexagonal honeycomb cell as a function of
the t/l and r./r ratios, where r is the cell radius (half the
cell diameter d), as shown in Fig. 9a. The key finding of
this study, shown by the “stress minima line,” was that
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there does exist an optimum corner radius that mini-
mizes the normalized corner stress (o /oy, where o is
the maximum Von Mises stress in the corner, and o, is
the yield strength of the base material). This somewhat
counterintuitive observation implies that as the corner
radius increases beyond a certain point, the maximum
stress at the corner also rises. This turns out to be the
case, as demonstrated in Fig. 9b, where Von Mises stress
contours reveal that while the sharp corner does have a
high stress and introduction of a corner radius lowers it,
further increases in the radius have the effect of pushing
out the maximum corner stress from the true corner to
the beams, which in turn is associated with an increase
in stress at the junctions of the corner radius and the
beam edge.

Another observation from Fig. 9b is that the opti-
mum corner radius that minimizes the maximum cor-
ner stress varies as a function of the // ratio. The model
postulates that hexagonal cells with thinner walls would
have a less prominent corner radius, and as wall thick-
ness increases, this corner radius would also increase.
Measurements made on the nests of 66 species of wasps,
and additional data from honeycomb (Cope 2022) have
shown that both the wall thickness (Fig. 10a) and the
corner radius (Fig. 10b), increase as a function of cor-
ner radius, even after combining data from nests made
of different materials, spanning wax, mud, and paper of
three levels of suppleness (Wenzel 1980). This, coupled
with the computational data discussed before, suggests
that there does exist an optimum corner radius and wall
thickness that taken together, minimize corner stresses.
The specific combination of both that is optimum varies
by cell diameter.

Cell tilt

Why are honeycomb cells tilted upward? Is the angle
of tilt optimal?

A final parameter of interest is the angle of tilt of the
cells, which may be tilted in-plane, where the cell is ro-
tated with regard to a horizontal axis of symmetry pass-
ing through it, or rotated upward or downward relative
to a horizontal plane. The cells of the honeycomb have
been measured to have an upward tilt relative to the hor-
izontal plane by approximately 13° (Oeder and Schwabe
2021) (Fig. 11a). This tilt has been historically argued
to serve to prevent the outflow of honey. Experimen-
tal studies with inverted honeycomb (pointing down-
ward) have, however, shown that honey was successfully
stored in the same way as in normally oriented comb
(Oeder and Schwabe 2021), suggesting that preventing
outflow of honey is not the primary reason for the up-
ward tilt. This was corroborated with experiments that
showed that honey remains adhered to the surface of

Lehner et al.

midwall

midwall

(a) (b)

Fig. Il (a) 13° cell tilt visible in an X-ray tomography scan of
honeycomb (in green), showing remnant honey (in red), (b) argued
to be so as to permit an increase in the load-bearing capacity of
the honeycomb by reducing the applied moment on the walls,
adapted from Oeder and Schwabe (2021).

a honeycomb wall even when the cell wall is turned
upside down with the drop of honey hanging down-
ward (Guo et al. 2015). Similar studies were conducted
with water, to account for the higher concentration of
water in initially deposited nectar in the cells, and the
same findings emerged. The authors of this study ar-
gued that this adhesive property is on account of the
micro- and nano-scale surface topography of the hon-
eycomb cell wall that promotes a Wenzel state of high
adhesion between the wall and the drop of honey or
water.

Rather than serving as a mechanism to prevent honey
spillage, it has been proposed that the primary reason
for the honeycomb tilt is that it increases the carry-
ing capacity of the comb by leveraging the mid-wall
between the two back-to-back cell arrays (Oeder and
Schwabe 2021). As shown in Fig. 11b, the downward
load applied by the weight of the stored materials in a
cell (F,) can be converted into two components, Fr, per-
pendicular to the cell wall, and Fyy, into the mid-wall.
In the absence of cell tilt (o = 0°), the entire load F,
would be acting as a bending moment on the cell wall,
but this is reduced to Fg-cosa (an approximately 4% re-
duction when o = 13°). The smaller Fw = Fg-sinc (ap-
proximately 80% reduction) is transferred through the
cell wall axially and borne by the mid-wall but coun-
teracted by an equal and opposite (assuming symme-
try) force from the other side. This is also potentially a
key reason why honeybees organize their contents sym-
metrically on either side of their double-sided comb, as
shown in Fig. 12 (Smith et al. 2024). An open question
is whether this angle is optimal—why is the angle not
larger than 13°? This is likely since tilted cells require
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Side 1

Side 2
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[C] Honey/nectar
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Fig. 12 Honeybees organize materials in their comb with front-to-back symmetry, from Smith et al. (2024), reproduced here under the

CC BY license.

the use of additional material to extend the cell walls
to reach a planar surface, which is also likely why hon-
eybees tend to store honey and brood toward the top of
their comb construction, with pollen storage and empty
cells toward the bottom (Fig. 12).

Distribution

The previous two sections addressed cell shape and pa-
rameters of the bee’s honeycomb, and this section is
concerned with how both vary spatially. Compared to
shape and parameters of cellular materials, the work on
their distribution is far more recent, both in the biolog-
ical literature as well as in engineered cellular material
design. While the honeycomb is primarily constructed
of hexagonal cells, bees do leverage other polygonal
shapes in their construction of comb. Furthermore, the
size of their cells, hexagonal or otherwise, also varies.
Taken together, both spatial variations have the effect
of introducing aperiodicity into the design, a topic that
has been studied in the context of engineering cellular
materials. Aperiodicity in the honeybee nest is driven
by three factors: (i) the dimorphism in cell sizes due to
the need to accommodate worker and reproductive cells
(Smith et al. 2023), (ii) the need to accommodate ge-
ometric imperfections (also called “geometric frustra-
tion”) (Fard et al. 2022), and (iii) the curvature of the
honeycomb as it approaches the building edge as bees
look to minimize wax usage relative to storage require-
ments (Fard et al. 2022).

Within the bee literature, three categories of aperiod-
icity have been proposed (Ramirez-Chavez et al. 2022),
as shown in Fig. 13: (i) gradation—where a size param-
eter varies following a specific rule in a specific direc-
tion, (ii) perturbation—where the centroids of the cells
or the nodes at which edges meet are moved in space

in accordance with a probabilistic distribution, and (iii)
hybridization—where two or more different cell shapes
are combined in space. Examined from the perspective
of engineering cellular material design, the bee’s hon-
eycomb may thus be said to employ both gradation and
hybridization as strategies that have the effect of making
it aperiodic.

Hybridization: Cell shape

When building comb, honeybees have to manage geo-
metric imperfections arising from the manner in which
they construct multiple comb structures and integrate
them into one larger comb. This is particularly true
when they construct nests in pre-existing tree cavi-
ties with significant geometric constraints (Seeley and
Morse 1976). These imperfections, termed geometric
frustration, can be caused by misalignments of the an-
gle of construction or in horizontal or vertical shifts
(Fig. 14a), and have been shown to result in honeybees
constructing comb cells that stray from the standard
6-sided hexagon with a preference for 5- and 7-sided
cells, as shown in Fig. 14b (Fard et al. 2022). Hybridiza-
tion has also been shown to be useful when grading be-
tween cells of different sizes (discussed next) (Smith et
al. 2021).

Gradation

How do cell parameters vary across the honeycomb?
Are these transitions optimal?

Geometric gradients are common in studies of artistic
form and design (Wong 1993). In biological and engi-
neering materials and structures, they are more com-
monly associated with changes in alocal property (such
as stiffness) across space. These are called functional
gradients and have been proposed to be of at least six
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Periodic
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Hybridization

Fig. 13 Three types of aperiodicity proposed in the literature for engineering cellular materials, from Ramirez-Chavez et al. (2022),
reproduced here under the CC BY license. The bee’s honeycomb employs gradation and hybridization.

types in biological materials, depending on what aspect
of the material is being changed to achieve the gradient
in property (Liu et al. 2017). An example of a property
gradient in nature is the gradual change in hardness in
teeth, from the soft tissue of the pulp to the very hard
enamel on the crown (Liu et al. 2017). However, gradi-
ents can also involve the modification of a dimension of
a particular parameter associated with defining the cell
shape. For example, a cross-section of the bamboo stem
shows a reduction in parenchyma cell size from the in-
terior to the outer surface (Liu et al. 2017). This latter
kind of gradation in dimension is the relevant type for
three types of gradation discussed here: cell radius, wall
thickness, and cell depth.

Cell radius

The hexagonal cells in the bee’s honeycomb are size di-
morphic (Figs. 15a and b)—this is because they must
serve as both worker and drone cells, each of which has
different cell radii, areas, and wall lengths. Smith and
co-authors (Smith et al. 2021) have shown that this tran-
sition is deliberate in the honeybee’s nest and simul-
taneously employs two different strategies: the first of
these is a gradual transition in cell area between smaller
worker cells and larger drone cells, and the second is the
employing of non-hexagonal cell shapes to join combs
together when they grow into each other (discussed in
a later section).

Measurements of honeycomb cell sizes and areas
show that the transition from the larger cell size of
the drone to the worker is not sudden or linear, but
resembles an S-shaped curve, gradually increasing in
size from the worker cell, followed by a more rapid in-
crease, and finally a gradual approach to the larger size
of drone cell (Smith et al. 2021). The avoidance of a sud-
den change in cell size is at least in part to maintain con-
tinuity, but the specific advantages of the S-shaped tran-
sition are not well understood and could benefit from
further investigation from the mathematical and engi-
neering communities.

Wall thickness

There are few studies on how wall thickness varies spa-
tially across the honeycomb, though it has been shown
that wall thickness changes over time, reducing from the
initial virgin beeswax comb to mature comb with lower
thickness (Zhang et al. 2010). As was shown previously,
at least one driver for changes in wall thickness is cell
radius itself—for the honeycomb, it is therefore likely
that cell size dimorphism is also reflected in wall thick-
ness. Preliminary data suggests that walls are thinner to-
ward the edge of the comb, as shown in Fig. 16aand b, a
gradation toward the terminating edge consistent with
one of the strategies used in the design of conformal en-
gineering lattices (Seharing et al. 2014). This aspect of
honeycomb construction is discussed more in the fol-
lowing section.
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Fig. 14 (a) Geometric frustrations may be caused by misalignments in rotational tilt around the cell’s axis of symmetry, or horizontal or
vertical shifts, and (b) are addressed by honeybees by the construction of 5- and 7-sided cells reproduced from Fard et al. (2022) under the
CC-BY license.
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Fig. 15 Cell sizes in the bee’s honeycomb are dimorphic due to (a) the need to accommodate both worker and drone cell sizes, which
have (b) statistically significant differences in their cell diameters (sizes), unpublished prior work where measurements were made across
I5 newly constructed honeycomb nests and each data point representing the average of six measurements of diameter made for each cell,
imaging and measurement methods same as described in Goss et al. (2020).
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Fig. 16 (a) Measurements made of wall thickness on a single comb as a function of distance measured from the building edge of the comb
reveal (b) a gradual reduction in wall thickness in cells nearer the edge;imaging and measurement methods same as described in Goss et al.

(2020).

Cell depth

The final parameter that is graded in the honeycomb is
the depth of the cell. As shown in Fig. 17a and b, hon-
eycomb cells have varying depth, gradually reducing in
value for cells nearer the growth front but stabilizing
near the center. Further, cell depth can also vary as a
function of its contents, with honey storage cells being
deeper than brood cells (Yang et al. 2021). As with cell
wall thickness gradations, depth gradations are likely an
inevitable result of nest construction. Recent work has
shown that the gradation in cell depth reduces after the
comb reaches its maximum size, as honeybees perform
fine-scale detailing around the perimeter of the comb
and continuously reduce comb area (Bailey et al. 2023).
The specific manner of depth gradation during initial
construction and beyond, and their engineering bene-
fits, if any, need further investigation.

Integration

The last main category in the classification of cellu-
lar meso-structures is also the one that has received
the least amount of study in the literature on bee’s
honeycomb—integration. Integration is an important
area of study in engineering cellular materials, one as-
pect of which is commonly referred to as conformal de-
sign ((Aremu et al. 2017), (Li et al. 2020, Nguyen et al.
2012)). This term refers to the way the cellular material
in question interacts with its geometric boundary. For
an engineered honeycomb sandwich panel, for exam-
ple, these are the aspects that define how the honeycomb
core is attached to the planar structures that confine it.

Integration is an important concept worthy of separate
study since failure modes in most structures comprised
of cellular materials are often initiated at the interface of
the cellular material and its “skin,” or at the surface that
separates it from the rest of space (Hohe et al. 2002). In
the context of the bee’s honeycomb, there are three lev-
els of integration of interest: (i) the coping, or the man-
ner in which the cell walls are terminated on the open
side, (ii) the construction of the attachment of the hon-
eycomb to a ceiling surface, and (iii) the nature of the
growth front, which at any instant defines the physical
boundary of the comb—each of these is discussed be-
low, in turn.

Coping

Why do honeycomb cell walls have coping at their
ends?

So far, honeycomb may be described more accurately,
if somewhat inelegantly, as a two-sided, hexagonal tes-
sellation of telescopically elongated rhombic dodecahe-
drons. The assumption in this description is that the
walls of the honeycomb are perfectly flat, intersecting
in lines and nodes. However, the walls of freshly con-
structed honeycomb have a matchstick-like tip at the
end of the wall that faces outward when shown in cross
section, as shown in Fig. 18a-d. This structural fea-
ture, called coping (Goss et al. 2020), is an interesting
meso-structural element that has not received much at-
tention in the literature. Coping thickness is approxi-
mately two to two and a half times the cell wall thickness
(Supplementary Fig. S1). From a biological standpoint,
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(a)

(b)

Fig. 17 (a) Growth front of a honeycomb, which (b) when scanned using an optical profilometer reveals a curved surface (high spots
towards the center, lower areas towards the edges); imaging and measurement methods same as described in Goss et al. (2020).

Fig. 18 (a) Freshly constructed honeycomb in a frame, (b) on removal and (c) sectioning, shows (d) walls with clear coping at the tips of
their walls, from Goss et al. (2020), reproduced here under the CC-BY license.

it has been suggested that the material in the coping is
used by honeybees as a storage site during construction
(Franklin et al. 2022), a hypothesis that is strengthened
by the observation that this coping meso-structure is no
longer visible after 2 years (Zhang et al. 2010), when the
walls of the honeycomb have been reinforced with silk
fibers .

The previously discussed experimental study of the
role of the mid-wall that examined the bending stiffness
of honeycombs with various interface angles also exam-
ined the effect of coping (Goss et al. 2020). While it sim-
plified the coping structure as a convex curvature (Fig.
6b), it did show that above a certain value, coping does
increase the specific bending (flexural) strength (maxi-
mum load that can be borne prior to failure), as shown
in Fig. 19a (Goss et al. 2020). The same study also sug-
gested that coping may make honeycomb more damage
tolerant, showing that while natural honeycomb sur-
vives handling over several years, engineered honey-

comb made from beeswax shows signs of fraying at the
tops of the cell walls, as shown in Fig. 19b and c. Cop-
ing may mitigate the stress singularities that have been
shown to exist at the interfaces of honeycomb cores
where they bond to face sheets to form structural sand-
wich panels (Hohe et al. 2002) (Supplementary Fig. S2).

Attachment

How is the honeycomb attached to its substrate?

Honeycomb construction begins with a linear sequence
of T-shaped tetrapod structures that merge to form a
connective foundation that connects the honeycomb to
a substrate (Narumi et al. 2018), as shown in Fig. 20a.
These tetrapod structures then form the basis for ad-
ditional cells, which extend from these initiating struc-
tures (Fig. 20b). Closer inspection reveals a thickening
of the cell walls at the plane of their intersection with
the substrate, like that seen for coping. While work has

G20z 1snBny 9z uo Jesn Aysioaun uINgny Aq 168G 18/L L0JBO/AOEE0L "0 L /10P/S[oILE-80UBADE/GOl/WOD dNO DIWBpPEIE//SA)Y WO} Papeojumod


https://academic.oup.com/icb/article-lookup/doi/10.1093/icb/icaf071#supplementary-data

16 Lehner et al.

0.2

‘ || Interface
- Al Lt Angle (degrees)
g o018 : " ~
s P ® 30
2 016 gl
< ® 45
g o
g 0.14- . 60
3 r 4 + : ~
5 0.12 *
3
- L]
S:Z: 0.1
g
v 0.08 -
o
006 0 ' 05 ‘ 1 : 2 All Pairs
Coping Radius (mm) Tukey-Kramer
0.05
(@
i
J
‘ s B . ¢
> . - /‘ .(' v - -

P INPP P P |

e \'
..,,,,“\“”
A T PR e Y
TN A A A A A S b
ol A A A A :
NN N NAAAL - 2~
i Engineered Beeswax Honeycomb “ w

’,)“

.

Natural Comb _
- A - 8

(b) (©)

Fig. 19 (a) 3D-printed honeycomb panels with coping of 2 mm show significant improvement in their specific flexural (bending) strength.
Coping may also explain why (b) engineered honeycomb made from beeswax frays easily on handling, but (c) natural comb survives
without sustaining similar damage, from Goss et al. (2020), reproduced here under the CC-BY license.

Fig. 20 (a) Tetrapod structures connecting comb to substrate, (b) which forms the basis for building cells, with occasional discontinuities
accommodated with curved cell terminations—shown here for comb constructed in a rectangular frame. Details of imaging methods in
supplementary materials.
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28 h final build

(b) (c)

Fig. 21 (a) Time-resolved X-ray microtomography scan data over a 28-h period, showing the development of an individual cell at the
building edge of the comb, and the base-up building technique employed by honeybees, from Franklin et al. (2022), reproduced here under
the CC-BY-ND license; (b) Concept sketch for a honeycomb-inspired cellular structure showing sharp corner structural boundary, and (c)
growth front “smoothing function” applied to the boundary.
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Table | Table listing each meso-structural design element discussed in this work, and its hypothesized function(s).

Category Meso-structure Design principle
Cell shape Hexagonal cell Minimizes material for creating equal partitions of space
Transversely isotropic in effective elastic modulus
Mid-wall Improves specific flexural (bending) stiffness
Parameters Corner radius Minimizes corner stress—optimum value varies as a
function of the ratio of wall thickness/cell length
Cell tilt Increases load-carrying capacity by transferring a
component of self-weight load into the mid-wall
Distribution Gradation: cell radius S-shaped gradations between cells of different sizes may
enable improved geometric continuity
Gradation: wall thickness and Thickness and depth reductions as honeycomb
wall depth approaches edge may support optimal location of
center of gravity
Hybridization of cell shape Cells of different shapes may help manage geometric
frustration as well as assist in gradation
Integration Coping Reduce stress singularities at honeycomb core

Attachment

Growth front

interfaces

Thickening of wall at contact may reduce localized
stresses

Smoothing front may aid in stress minimization at
exposed nodes

been done to study the self-organizing principles in-
volved in constructing these initial structures (Narumi
et al. 2018), more work is needed to identify the form
and parameters of the meso-structure and the advan-
tage it conveys when integrating honeycomb with the
surface of a substrate.

Growth front

What is the morphology of the growth front of the
honeycomb?

In addition to the coping-enhanced envelope around
the cells and the method of the honeycomb’s attach-
ment to its substrate, the growth edge of the honey-
comb also has meso-structural features worthy of study.
Time-resolved X-ray tomography renderings of honey-
comb as it is being constructed (Fig. 21a) indicate that
honeybees add wax to the growth front at the tapered
ends of the comb, from which a concave depression is
formed, which results in the cell bottom along the mid-
wall (Franklin et al. 2022). While this provides a foun-
dation from which the comb walls may be then con-
structed, it also likely reduces the risk of wall damage
for cells that are not fully constructed. As shown in Figs.
21b and ¢, the growth front may be thought of as a
smoothing function applied to the perimeter of the hon-
eycomb to minimize edge and corner stress singulari-
ties. This concept has already found application in sev-
eral engineering applications such as the rounded cor-
ners on tables, but similar concepts could be developed
for cellular materials, with the shape of the smooth-
ing curve taking inspiration from the curvature of the

honeycomb growth front. A recent study has shown
that the honeycomb nest is not a static structure once
it has achieved its maximum size—in fact, honeybees
perform fine-scale detailing that reduces the comb area
continuously (Bailey et al. 2023). Thus it may be possi-
ble that the growth front during construction represents
a less optimal leading edge from a mechanical perspec-
tive, and that it is the mature comb, once detailed, that
is more damage tolerant, but this remains to be studied.

Discussion: bio-inspired design principles

This work aimed to synthesize the different meso-
structures in the bee’s honeycomb in one article to high-
light features of interest beyond just the hexagonal hon-
eycomb. The primary aim of so doing was to promote
further exploration of opportunities for bio-inspired
design. Toward that end, each meso-structural element
identified in this work, along with design principles that
derive from each attributed structure-function relation-
ship are identified in Table 1. This table is neither com-
prehensive, nor is each design principle validated to
similar degrees of confidence that the mass-minimizing
strategy of the hexagonal shape has been but provides
a compilation of design principles that would bene-
fit from further investigation on a fundamental level,
as well as examination in specific application contexts.
The meso-structural elements discussed in this work
are presented as independent entities. However, much
as in the discussion of an optimum corner radius for a
given cell size and wall thickness, it is possible that sev-
eral of these meso-structural elements when taken to-
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gether have a more significant impact on engineering
performance. Finally, while the emphasis in this work
has been on the structural (i.e., load-bearing) advan-
tages associated with these meso-structural elements—
similar efforts could be conducted to build on prior
work for other physical domains such as acoustics (Gai
et al. 2022; Uthoff et al. 2023), thermal management
(Boldrin et al. 2014), and composite material design
(Zhang et al. 2010).

Conclusions

This work attempted to list and classify several meso-
structural design elements of the bee’s honeycomb nest,
going beyond the well-known and implemented hexag-
onal unit cell shape. The following conclusions can be
drawn from this work:

e An approach developed for engineered cellular ma-
terials design can be applied to honeycomb to cate-
gorize its meso-structural design elements

* Broadly speaking, these design elements collectively
serve to reduce material utilization, increase stiff-
ness and strength, and locally minimize stress con-
centrations

* While concepts such as the hexagonal nature of the
honeycomb have been well understood for their
engineering benefits, several meso-structural ele-
ments remain poorly studied and represent an op-
portunity for further investigation and translation
into engineering design

While the focus of this work has been on the hon-
eycomb, the “four-question” approach can, in princi-
ple, be applied to any repeating structural design ele-
ment in nature to identify meso-structural features wor-
thy of abstraction into engineering design. These in-
clude scales (Martinez et al. 2024), hair-like materials
(Peerlinck et al. 2023), and other biological cellular ma-
terials (Mcnulty et al. 2017). Coupled with a compara-
tive approach to bio-inspired design (Penick et al. 2022),
this can uncover new design principles, as well as in-
crease confidence in them, which in turn can accelerate
the bio-inspired design process. Finally, the approach in
this work may be extended to different length scales and
features at those scales—at the micro-structural scale, it
could include the arrangement of wax and silk in mature
cell walls, while at the macro-structural scale, it might
consider aspects of the arrangement of honeycomb in
natural cavities such as the spacing between comb and
its functional advantages.
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